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Positive contractive projections on
noncommutative Lp-spaces
Cedric Arhancet
Abstract
In this paper and its companinon paper [ArR], we prove the first theorems on contractive
projections on general noncommutative Lp-spaces associated with non-type I von Neumann
algebras where 1 6 p < ∞. This is the first progress on this topic since the seminal work
of Arazy and Friedman [Memoirs AMS 1992] where the problem of the description of
contractively complemented subspaces of noncommutative Lp-spaces is explicitly raised.
In this work, we connect the problem to the theory of JW-algebras and we show that the
range of a positive contractive projection on an noncommutative Lp-space associated to a
σ-finite von Neumann algebra is isometric to some kind of Lp-JW∗-algebra. We are able
to show more precisely that the range is isometric to some interpolation space (N,N∗) 1
p
where N is a JW∗-algebra in large cases. We also give a description of the structure of these
projections. Our approach relies on non tracial Haagerup’s noncommutative Lp-spaces in
an essential way, even in the case of a projection acting on a Schatten space and is unrelated
to the methods of Arazy and Friedman.
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1 Introduction
The study of projections and complemented subspaces has been at the heart of the study of
Banach spaces since the inception of the field, see [Rand] and [Mos1] for surveys. Recall that a
projection P on a Banach space X is a bounded operator P : X → X such that P 2 = P and
that a complemented subspace Y of X is the range of a bounded linear projection P . If the
projection is contractive, we say that Y is contractively complemented.
Suppose 1 6 p < ∞. A classical result from seventies essentialy due to Ando [And] (see
also [Dou], [BeL], [HoT], [Ray2], [See]) says that a subspace Y of a classical (=commutative)
Lp-space Lp(Ω) is contractively complemented if and only if Y is isometrically isomorphic to
an Lp-space Lp(Ω′). Moreover, Y is the range of a positive contractive projection if and only
Mathematics subject classification: Primary 46L51, 46L07.
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if there exists a isometrical order isomorphism from Y onto some Lp-space Lp(Ω′), see [Rand,
Theorem 4.10] and [AbA, Problem 5.4.1].
It is natural to examine the case of noncommutative Lp-spaces associated to von Neumann
algebras. Schatten spaces are the most basic examples of noncommutative Lp-spaces, these
are the spaces Sp of all operators x : ℓ2 → ℓ2 such that ‖x‖p =
(
Tr(|x|p)
) 1
p is finite. It is
known from a long time that the range of a contractive projection P : Sp → Sp on a Schatten
space Sp is not necessarily isometric to a Schatten space. It is a striking difference with the
world of commutative Lp-spaces of mesure spaces. Indeed, in their remarkable memoirs [ArF1]
and [ArF2], Arazy and Friedman have succeeded in establishing a complete classification of
contractively complemented subspaces of Sp. Building blocks of contractively complemented
subspaces of Sp are the Lp-version of the so called Cartan factors.
The description of general contractively complemented subspaces of noncommutative Lp-
spaces is an open problem raised explicitly in [ArF2, page 99]. If p = 1, Friedman and Russo
[FrB1] have given a description of the ranges of contractive projections on preduals (=noncom-
mutative L1-spaces) of von Neumann algebras. Such a subspace is isometric to the predual of a
JW∗-triple, that is a weak* closed subspace of the space B(H,K) of bounded operators between
Hilbert spaces H and K which is closed under the triple product xy∗z + zy∗x. Actually, the
Friedman-Russo result is valid for projections acting on the predual of a JW∗-triple, not just
on the predual of a von Neumann algebra.
Since Pisier’s work [Pis1] [Pis2], we can consider noncommutative Lp-spaces and their com-
plemented subspaces in the framework of operator spaces and completely bounded maps. Using
Arazy-Friedman Theorem, Le Merdy, Ricard and Roydor [LRR, Theorem 1.1] characterized the
completely 1-complemented subspaces of Sp. They turn out to be the direct sums of spaces
of the form Sp(H,K), where H and K are Hilbert spaces. The strategy of their proof is to
examine individually each case provided by Arazy-Friedman Theorem. See also [NO], [NeR] for
related results.
Our main result is the following theorem which characterizes positive contractive projections.
Recall that a JW∗-algebra is a weak* closed Jordan-∗-subalgebra of a von Neumann algebra.
Here ◦ is the Jordan product.
Theorem 1.1 Let M be a σ-finite von Neumann algebra. Suppose 1 < p < ∞. A bounded
map P : Lp(M)→ Lp(M) is a positive contractive projection if and only if there exist a faithful
normal state ϕ on M , a positive element h ∈ Lp(M,ϕ) with support projection s(h) and a
faithful normal unital positive projection Q : s(h)Ms(h)→ s(h)Ms(h) such that
1. for any y ∈ Lp(M) we have P (y) = P (s(h)ys(h)),
2. s(h) belongs to the centralizer of the state ϕ,
3. for any x ∈ s(h)Ms(h) we have1 Trϕ(hpQ(x)) = Trϕ(hpx),
4. for any x ∈ s(h)Ms(h), we have
(1.1) P
(
h
1
2 xh
1
2
)
= h
1
2Q(x)h
1
2 .
Moreover, in this case h belongs to the range RanP of the projection Pand the range Q(s(h)Ms(h))
is a JW∗-subalgebra of the JW∗-algebra (s(h)Ms(h), ◦).
1. This means that Q preserves the restriction on s(h)Ms(h) of the state 1
‖h‖
p
p
Trϕ(hp ·).
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Furthermore, in Section 5, we continue to investigate the structure of P and we prove
that the range of P is isometrically isomorphic to an interpolation space of the form (N,N∗) 1
p
where N is a JW∗-algebra in large cases. A difficulty for the identification of the range is that
the projection Q of is not necessarily selfadjoint with respect to the restriction of the state
1
‖h‖pp
Trϕ(h
p ·) on s(h)Ms(h). The non-σ-finite case can be treated as in [ArR] and is left to the
reader.
It should also be noted that the use of non-tracial Haagerup’s noncommutative Lp-spaces
is necessary for the case of tracial noncommutative Lp-spaces. Note the paper [ArR] contains
a proof that the range of a 2-positive contractive projection P : Lp(M) → Lp(M) on some
arbitrary noncommutative Lp-space Lp(M) is completely order and completely isometrically
isomorphic to some noncommutative Lp-space Lp(N) (the paper [Arh1] announced this result
for completely positive contractive projections). We will continue the study and we will give
related complements in forthcoming publications. We refer to [Arh2] for a study of contractive
projections which are contractively decomposable in the sense of [ArK] and [JuR]. In [Arh4],
we will give some kind of converse to Theorem 1.1 and we will make the link with the non-
associative Lp-spaces of the papers [Ioc1], [Ioc2] and [Abd1] associated to JW-algebras equipped
with normal semifinite faithful traces. Finally, we refer to [PiX], [Kos1] and [HRS] for more
information on the structure of noncommutative Lp-spaces.
The paper is organized as follows. Section 2 gives a brief presentation of Haagerup non-
commutative Lp-spaces, followed by some preliminary results. In Section 3, we recall some
information on Jordan algebras and we examine some contractive projections called Jordan
conditional expectations. In Section 4, we give a proof of Theorem 1.1. Finally, in Section 5,
we make an analysis of the structure of Lp-extension of the projection Q of Theorem 1.1.
2 Haagerup’s noncommutative Lp-spaces
It is well-known by now that there are several equivalent constructions of noncommutative
Lp-spaces associated with a von Neumann algebra. In this paper, we will use Haagerup’s
noncommutative Lp-spaces introduced in [Haa5] and presented in a more detailed way in [Terp].
M will denote a general von Neumann algebra acting on a Hilbert space H and we denote by
sl(x) and sr(x) the left support and the right support of an operator x. If x is a positive
operator then sl(x) = sr(x) is called the support of x and denoted by s(x).
If M is equipped with a normal semifinite faithful trace, then the topological ∗-algebra
of all (unbounded) τ -measurable operators x affiliated with M is denoted by L0(M, τ). If
a, b ∈ L0(M, τ)+, we have
(2.1) a 6 b ⇐⇒ dom b
1
2 ⊂ dom a
1
2 and ‖a
1
2 ξ‖H 6 ‖b
1
2 ξ‖H , for any ξ ∈ dom b
1
2 .
If a, b ∈ L0(M, τ), we have
(2.2) ab = 0⇒ sr(a)b = 0 and asl(b) = 0.
In the sequel, we fix a normal semifinite faithful weight ϕ on M and σϕ = (σϕt )t∈R denote
the one-parameter modular automorphisms group associated with ϕ [Tak2, page 92].
For 1 6 p < ∞, the spaces Lp(M) are constructed as spaces of measurable operators
relative not to M but to some semifinite bigger von Neumann algebra, namely, the crossed
product M
def
= M ⋊σϕ R of M by one of its modular automorphisms groups, that is, the von
Neumann subalgebra of B(L2(R, H)) generated by the operators π(x) and λs, where x ∈ M
3
and s ∈ R, defined by
(
π(x)ξ
)
(t)
def
= σϕ−t(x)(ξ(t)) and λs(ξ(t))
def
= ξ(t− s), t ∈ R, ξ ∈ L2(R, H).
For any s ∈ R, let W (s) be the unitary operator on L2(R, H) defined by
(2.3)
(
W (s)ξ
)
(t)
def
= e−istξ(t), ξ ∈ L2(R, H).
The dual action σˆ : R→ B(M) on M [Tak2, page 260] is given by
(2.4) σ̂s(x)
def
= W (s)xW (s)∗, x ∈ M, s ∈ R.
Then, by [Haa4, Lemma 3.6] or [Tak2, page 259], π(M) is the fixed subalgebra ofM under the
family of automorphisms σ̂s:
(2.5) π(M) =
{
x ∈ M : σ̂s(x) = x for all s ∈ R
}
.
We identify M with the subalgebra π(M) in M. If ψ is a normal semifinite weight on M , we
denote by ψ̂ its Takesaki’s dual weight on the crossed productM, see the introduction of [Haa1]
for a simple definition using the theory of operator valued weights. This dual weight satisfies
the σ̂-invariance relation ψ̂ ◦ σ̂ = ψ̂, see [Terp, (10) page 26]. In fact, Haagerup introduces an
operator valued weight T : M+ → M¯+ with values in the extended positive part2 M¯+ of M
and formally defined by
(2.6) T (x) =
∫
R
σˆs(x) ds
and shows that for a normal semifinite weight ψ on M , its dual weight is
(2.7) ψˆ
def
= ψ¯ ◦ T
where ψ¯ denotes the natural extension of the normal weight ψ to the whole of M¯+.
By [Str, page 301] [Haa4, Th. 3.7] [Terp, Chap. II, Lemma 1], the map ψ → ψ̂ is a bijection
from the set of normal semifinite weights on M onto the set of normal semifinite σ̂-invariant
weights on M.
Recall that by [Haa2, Lemma 5.2 and Remark page 343] and [Haa1, Th. 1.1 (c)] the crossed
product M is semifinite and there is a unique normal semifinite faithful trace τ = τϕ on M
satisfying
(2.8) (Dϕ̂ : Dτ)t = λt
for any t ∈ R where (Dϕ̂ : Dτ)t denotes the Radon-Nikodym cocycle [Str, page 48] [Tak2,
page 111] of the dual weight ϕ̂ with respect to τ . Moreover, τ satisfies the relative invariance
τ ◦ σ̂s = e−sτ for any s ∈ R by [Haa2, Lemma 5.2].
If ψ is a normal semifinite weight on M , we denote by hψ the Radon-Nikodym derivative of
the dual weight ψ̂ with respect to τ given by [Str, Theorem 4.10]. By [Str, Corollary 4.8], note
that the relation of hψ with the Radon-Nikodym cocycle of ψ̂ is
(2.9) (Dψ̂ : Dτ)t = h
it
ψ, t ∈ R.
2. If M = L∞(Ω), M¯+ identifies to the set of equivalence classes of measurable functions Ω→ [0,∞].
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By [Terp, Chap. II, Prop. 4], the mapping ψ → hψ gives a bijective correspondence between
the set of all normal semifinite weights on M and the set of positive self-adjoint operators h
affiliated with M satisfying
(2.10) σ̂s(h) = e
−sh, s ∈ R.
Moreover, by [Terp, Chap. II, Cor. 6], ω belongs toM+∗ if and only if hω belongs to L
0(M, τ)+.
One may extend by linearity the map ω 7→ hω to the whole ofM∗. The Haagerup space L1(M,ϕ)
is defined as the set {hω : ω ∈ M∗}, i.e. the range of the previous map. This is a closed linear
subspace of L0(M, τ), characterized by the conditions (2.10).
By [Terp, Chap. II, Th. 7], the mapping ω 7→ hω, M∗ → L1(M,ϕ) is a linear order
isomorphism which preserves the conjugation, the module, and the left and right actions of M .
Then L1(M,ϕ) may be equipped with a continuous linear functional Tr : L1(M) → C defined
by
(2.11) Trhω
def
= ω(1), ω ∈M∗
[Terp, Chap. II, Def. 13]. A norm on L1(M,ϕ) may be defined by ‖h‖1
def
= Tr(|h|) for every
h ∈ L1(M,ϕ). By [Terp, Chap. II, Prop. 15], the map M∗ → L1(M,ϕ), ω 7→ hω is a surjective
isometry.
More generally for 1 6 p 6∞, the Haagerup Lp-space Lp(M,ϕ) associated with the normal
faithful semifinite weight ϕ is defined [Terp, Chap. II, Def. 9] as the subset of the topological
∗-algebra L0(M, τ) of all (unbounded) τ -measurable operators x affiliated with M satisfying
for any s ∈ R the condition
(2.12) σ̂s(x) = e
− s
p x if p <∞ and σ̂s(x) = x if p =∞
where σ̂s : L
0(M, τ)→ L0(M, τ) is here the continuous ∗-automorphism obtained by a natural
extension of the dual action (2.4) onM. By (2.5), the space L∞(M,ϕ) coincides with π(M) that
we identify with M . The spaces Lp(M,ϕ) are closed self-adjoint linear subspaces of L0(M, τ).
They are closed under left and right multiplications by elements of M . If h = u|h| is the polar
decomposition of h ∈ L0(M, τ) then by [Terp, Chap. II, Prop. 12] we have
h ∈ Lp(M,ϕ) ⇐⇒ u ∈M and |h| ∈ Lp(M,ϕ).
Suppose 1 6 p < ∞. By [Terp, Chap. II, Prop. 12] and its proof, for any h ∈ L0(M, τ)+,
we have hp ∈ L0(M, τ)+. Moreover, an element h ∈ L0(M, τ) belongs to Lp(M,ϕ) if and only if
|h|p belongs to L1(M,ϕ). A norm on Lp(M,ϕ) is then defined by the formula
(2.13) ‖h‖p
def
= (Tr |h|p)
1
p
if 1 6 p <∞ and by ‖h‖∞
def
= ‖h‖M , see [Terp, Chap. II, Def. 14].
Duality Let p, p∗ ∈ [1,∞] with 1
p
+ 1
p∗
= 1. By [Terp, Chap. II, Prop. 21], for any h ∈
Lp(M,ϕ) and any k ∈ Lp
∗
(M,ϕ) we have hk, kh ∈ L1(M,ϕ) and the tracial property Tr(hk) =
Tr(kh).
If 1 6 p < ∞, by [Terp, Ch. II, Th. 32] the bilinear form Lp(M,ϕ) × Lp
∗
(M,ϕ) → C,
(h, k) 7→ Tr(hk) defines a duality bracket between Lp(M,ϕ) and Lp
∗
(M,ϕ), for which Lp
∗
(M,ϕ)
is (isometrically) the dual of Lp(M,ϕ).
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Link with Dixmier’s noncommutative Lp-spaces On the other hand, if the weight ϕ is
tracial, i.e. ϕ(x∗x) = ϕ(xx∗) for all x ∈ M , then the Haagerup space Lp(M,ϕ) isometrically
coincides with Dixmier’s classical tracial noncommutative Lp-space, see [Terp, page 62].
Change of weight It is essentially proved in [Terp, page 59] that Lp(M,ϕ) is independent
of ϕ up to an isometric isomorphism preserving the order and modular structure of Lp(M,ϕ),
as well as the external products and Mazur maps. In fact given two normal semifinite faithful
weights ϕ1, ϕ2 on M there is a ∗-isomorphism κ : M1 → M2 between the crossed products
Mi
def
= M ⋊σϕ
i
R preserving M , as well as the dual actions and pushing the trace on M1 onto
the trace on M2, that is
π2 = κ ◦ π1, σˆ2 ◦ κ = κ ◦ σˆ1 and τ2 = τ1 ◦ κ
−1.(2.14)
Furthermore, κ extends naturally to a topological ∗-isomorphism κ : L0(M1, τ1)→ L0(M2, τ2)
between the algebras of measurable operators, which restricts to isometric ∗-isomorphisms be-
tween the respective Lp(Mi, ϕi), preserving the M -bimodule structures.
Moreover it turns out also that for every normal semifinite faithful weight ψ on M , the dual
weights ψˆi corresponds through κ, that is ψˆ2◦κ = ψˆ1. It follows that if ω ∈M∗ the corresponding
Radon-Nikodym derivatives must verify hω,2 = κˆ(hω,1). In particular if ω ∈M
+
∗ , we have
(2.15) Trϕ1 hω,1
(2.11)
= ω(1)
(2.11)
= Trϕ2 hω,2 = Trϕ2 κ(hω,1).
Hence κ : L1(M,ϕ1)→ L1(M,ϕ2) preserves the functionals Tr:
(2.16) Trϕ1 = Trϕ2 ◦κ.
Since κˆ preserves the p-powers operations, i.e. κ(hp) =
(
κ(h)
)p
for any h ∈ L0(M1), it induces
an isometry from Lp(M,ϕ1) onto L
p(M,ϕ2). It is not hard to see that this isometry is completely
positive and completely isometric, a fact which is of first importance for our study.
This independence allows us to consider Lp(M,ϕ) as a particular realization of an abstract
space Lp(M). The M -bimodule structure and the norm of Lp(M) are defined unambiguously
by those of any of its particular realization, as well as the trace functional of L1(M) and the
bilinear products Lp(M)×Lq(M)→ Lr(M), 1
r
= 1
p
+ 1
q
, and the Mazur maps Lp+(M)→ L
1
+(M),
h 7→ hp (and their inverses). An element h ∈ L1(M) identifies with the linear form ψ ∈ M∗
defined by the conditions ψ(x) = Tr(xh), x ∈M , and the positive part Lp+(M) may be seen as
the cone of p-roots ψ
1
p of positive elements of M∗.
Centralizer of a weight Recall that the centralizer [Str, page 38] of a normal semifinite
faithful weight is the sub-von Neumann algebra Mϕ = {x ∈ M : σϕt (x) = x for all t ∈ R}. If
x ∈M , we have by [Str, (2) page 39]
(2.17) x ∈Mϕ ⇐⇒ xmϕ ⊂ mϕ, mϕx ⊂ mϕ and ϕ(xy) = ϕ(yx) for any y ∈ mϕ.
Reduced noncommutative Lp-spaces A key fact for our analysis of positive contractions
on noncommutative Lp-spaces is that for every projection e inM the linear subspace eLp(M)e :=
{ehe : h ∈ Lp(M)} is completely positively isometric to Lp(eMe), the Lp-space of the reduced
von Neumann algebra eMe. This fact is not evident from a given realization of Lp(M,ϕ), since
the restriction ϕe of ϕ to eMe may not be semifinite, or the crossed product R ⋊σϕe eMe not
be a reduct of R⋊σϕ M .
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If e belongs to the centralizer of ϕ, it is well-known that we can identify Lp(eMe) with the
subspace eLp(M)e of Lp(M) ([GoLa, Lemma 4.3], [Wat1, page 508]). Let us give some details.
Let ϕ be a faithful normal semifinite weight on a von Neumann algebra M on a Hilbert
space H . For each projection e in Mϕ, let ϕe be the restriction of ϕ on eMe. It results from
(2.17) that the weight ϕe is still semifinite. From the KMS-condition, it is easy to see that
σϕe = σϕ|eMe, and it follows that eMe ⋊σϕe R coincides with e¯(M ⋊σϕ R)e¯, where e¯ is the
canonical image of e in M, in fact e¯ = e⊗ IdB(L2(R)). From (2.6) and (2.7) it is clear that the
dual weights to ϕ and ϕe are linked by the equation
ϕ̂e = (ϕ̂)e¯.
Let τ = τϕ be the canonical trace on M = M ⋊σϕ R, and hϕ =
dϕ̂
dτ . Note that h
it
ϕ = λt
commutes with e¯, and so does h
1
2
ϕ ; morover ehϕ is a positive self-adjoint operator affiliated with
e¯Me¯. Then for x ∈ e¯Me¯:
ϕ̂(x) = τ
(
h
1
2
ϕxh
1
2
ϕ
)
= τ
(
h
1
2
ϕ e¯xe¯h
1
2
ϕ
)
= τe¯
(
(e¯hϕ)
1
2 x(e¯hϕ)
1
2
)
where τe¯ is the reduced (normal, semifinite) trace on e¯Me¯. Hence by [Str, Theorem 4.10]
(Dϕ̂e : Dτe¯)t = (e¯hϕ)
it = e¯hitϕ = e¯λt.
Since e¯λt is the translation operator on e¯Me¯ it follows by uniqueness that τe¯ coincides with
the canonical trace on eMe⋊σϕe R. Then it becomes clear that the ∗-algebra of τe¯-measurable
operators on e¯Me¯ is realized as a L0-closed *-subalgebra of L0(M, τ), namely eL0(M, τ)e,
either abstractly by completing the respective von Neumann algebras in their L0-topologies, or
concretely by representing them as *-subalgebras of (unbounded) closed operators on L2(R, eH)
and L2(R, H) respectively if M is given as a von Neumann subalgebra of some B(H). Indeed,
a (closed, unbounded) operator with dense domain a on L2(R, eH) may be trivially extended
to an operator a˜ on L2(R, H) by setting
a˜ξ = aeξ, ∀ξ ∈ dom a˜ = dom a⊕ L2(R, (1− e)H).
Since the dual action of σϕe is the restriction of that of σϕ to e(M ⋊σϕ R)e, it is not difficult
to show that the mapping a→ ebe gives a topological ∗-isomorphism between L0(e¯Me¯, τe) and
e¯L0(M, τ)e¯, sending Lp(eMe) onto eLp(M)e for every 1 6 p 6∞.
If ψ ∈ (eMe)+∗ is a normal positive bounded linear form on eMe, we may consider its natural
extension ieψe to M (ieψ(x) = ψ(exe), x ∈M). Using (2.6) and (2.7) it is clear that
îeψ (x) = ψ̂(e¯xe¯), x ∈M.
We obtain the following result.
Lemma 2.1 The Haagerup trace Trϕ restricts to Trϕe on L
1(eMe).
Proof : Indeed, we have ψˆ(e¯xe¯) = τe¯(h
1
2
ψ e¯xe¯h
1
2
ψ) = τ(e¯(h
1
2
ψ e¯xe¯h
1
2
ψ e¯)) = τ(h
1
2
ψxh
1
2
ψ) (since hψ ∈
e¯L0(M, τ)e¯). It is then clear by unicity of the Radon-Nikodym derivative that
hieψ = hψ.
We deduce that
Trϕ hieψ = ieψ(1) = ψ(e) = Trϕe hψ.
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It follows at once that the inclusions Lp(eMe) ⊂ Lp(M) are isometric and preserve duality.
Let e ∈M be a projection. Let us construct a n.s.f. weight onM with centralizer containing
e. Choosing with [Str, 10.10] [KaR2, Exercise 7.6.46] two normal semifinite faithful weights ϕ1
and ϕ2 on eMe and e
⊥Me⊥. We can define a normal semifinite faithful weight ϕ on M by
(2.18) ϕ(x)
def
= ϕ1(exe) + ϕ2(e
⊥xe⊥), x ∈M+.
With (2.17), it is easy to check that e belongs to the centralizer of ϕ.
Some results The following is an easy observation left to the reader.
Lemma 2.2 Let M be a von Neumann algebra and 1 6 p <∞. Let h be a positive element of
Lp(M).
1. The map s(h)Ms(h)→ Lp(M), x 7→ h
1
2xh
1
2 is injective.
2. Suppose 1 6 p <∞. The subspace h
1
2Mh
1
2 is dense in s(h)Lp(M)s(h) for the topology of
Lp(M).
Our main tool will be the following extension of [JRX, Theorem 3.1] We refet to [ArR] for
complete details). The last assertion is new.
Theorem 2.3 Let M and N be von Neuman algebras. Suppose 1 6 p <∞. Let T : Lp(M)→
Lp(N) be a positive linear map. Let h be a positive element of Lp(M). Then there exists a
unique linear map v : M → s(T (h))Ns(T (h)) such that
(2.19) T
(
h
1
2 xh
1
2
)
= T (h)
1
2 v(x)T (h)
1
2 , x ∈M.
Moreover, this map v is unital, contractive, positive and normal. Furthermore, if T is n-
copositive then v is n-copositive.
Proof : Assume that T is n-copositive. Using (2.19) with the positive operator T (n) = IdSpn ⊗
T : Spn(L
p(M)) → Spn(L
p(Nop)) and by replacing h with In ⊗ h whose projection support is
s(In ⊗ h) = s(In)⊗ s(h) = In ⊗ e, we see that there exists a unique normal completely positive
contraction vn : Mn(M) → (In ⊗ e)Mn(N
op)(In ⊗ e) = Mn(eN
ope) such that for any [xij ] ∈
Mn(M) we have
T (n)
(
(In ⊗ h)
1
2 [xij ](In ⊗ h)
1
2
)
=
(
T (n)(In ⊗ h)
) 1
2 vn ([xij ])
(
T (n)(In ⊗ h)
) 1
2 .
Similary to the proof of [ArR, Theorem 2.2], we see that IdMn⊗v = vn. Hence v is n-copositive.
LetM be a von Neumann algebra equipped with a normal faithful state ϕ (or even a normal
faithful positive functional). Let hϕ the density operator associated with ϕ. If 1 6 p <∞, note
that by Lemma 2.2 (see also [JX, Lemma 1.1] and [Wat1, Corollary 4]), h
1
2p
ϕ Mh
1
2p
ϕ is a dense
subspace of Lp(M). Suppose that N is another von Neumann algebra equipped with a normal
faithful state ψ. Consider a unital positive map T : M → N such that ψ(T (x)) = ϕ(x) for any
x ∈M+. Given 1 6 p <∞ define
(2.20)
Tp : h
1
2p
ϕ Mh
1
2p
ϕ −→ h
1
2p
ψ Nh
1
2p
ψ
h
1
2p
ϕ xh
1
2p
ϕ 7−→ h
1
2p
ψ T (x)h
1
2p
ψ
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By [HJX, Theorem 5.1], the map Tp above extends to a contractive map from L
p(M) into
Lp(N).
We need only in Section 5 the following result which is unfortunately not available in the
literature. Here, we denote by LpD(M, τ) the Dixmier noncommutative L
p-space.
Lemma 2.4 Let M be a von Neumann algebra equipped with a normal semifinite faithful trace
τ0. Let T : M → M be a positive normal contraction which preserves τ0 and a normal linear
form ϕ = τ0(d ·) on M where d ∈ L1D(M, τ). We denote by hϕ the density operator of the
weight ϕ. Suppose 1 6 p < ∞. Then the map M 7→ Lp(M,ϕ), x 7→ h
1
2p
ϕ xh
1
2p
ϕ extends to
a positive isometric map Φ: LpD(M, τ0) → L
p(M,ϕ) and if Tp,H : L
p(M,ϕ) → Lp(M,ϕ) and
Tp,D : L
p
D(M, τ0)→ L
p
D(M, τ0) denote the L
p-extension of T we have the following commutative
diagram.
Lp(M,ϕ)
Tp,H
// Lp(M,ϕ)
LpD(M, τ0)
Φ
OO
Tp,D
// LpD(M, τ0)
Φ
OO
Proof : First, we need to recall some information on M ⋊στ0 R which is folklore, see [Terp,
pages 62-63]. Note that M ⋊στ0 R is equal to the tensor product M⊗A where A is the von
Neumann algebra generated by the translations λs : L
2(R) → L2(R) on L2(R) by elements of
R. With the Fourier transform F we can write F−1AF = L∞(R) and F−1λsF = eis· for any
s ∈ R.
So we have an isomorphism Θ: M⊗A →M⊗L∞(R), y ⊗ z 7→ y ⊗F−1zF . It is easy to see
that the transformation θs
def
= Θ ◦ σˆτ0s ◦ Θ
−1 of the dual action σˆτ0s defined in (2.4) under Θ is
determined by
(2.21) θs(x ⊗ f) = x⊗ λs(f), s ∈ R, x ∈M, f ∈ L
∞(R).
Indeed, using the multiplication operator Me−is· we have
θs(x⊗ f) = Θ ◦ σˆ
τ0
s ◦Θ
−1(x⊗ f) = Θ ◦ σˆτ0s
(
x⊗FfF−1
) (2.4)
= Θ
(
W (s)
(
x⊗FfF−1
)
W (s)∗
)
(2.3)
= Θ
(
x⊗Me−is·FfF
−1Meis·
)
= x⊗F−1Me−is·FfF
−1Meis·F = x⊗ λs(f).
Recall that τˆ0 denotes the dual weight on M⊗A. Let ˜ˆτ0
def
= τˆ0 ◦ Θ
−1 be the weight on
M⊗L∞(R) obtained by transport of structure. Since Θ leaves invariant the elements y⊗ 1, we
have for any x ∈M⊗L∞(R) with x > 0
˜ˆτ0(x⊗ f) = τˆ0 ◦Θ
−1(x⊗ f)
(2.7)(2.6)
= τ0
(∫ ∞
−∞
σˆτ0s (Θ
−1(x⊗ f)) ds
)
= τ0
(
Θ
∫ ∞
−∞
σˆτ0s (Θ
−1(x⊗ f)) ds
)
= τ0
(∫ ∞
−∞
Θ ◦ σˆτ0s ◦Θ
−1(x⊗ f)
)
= τ0
(∫ ∞
−∞
θs(x⊗ f) ds
)
(2.21)
= τ0
(∫ ∞
−∞
x⊗ λs(f) ds
)
=
(
τ0 ⊗
∫ ∞
−∞
)
(x⊗ f)
(note that (τ0 ⊗ Id) ◦Θ = τ0 ⊗ Id. Hence, we deduce that
(2.22) ˜ˆτ0 = τ0 ⊗
∫ ∞
−∞
.
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Let τ
def
= ττ0 be the canonical trace on the von Neumann algebra M ⋊στ0 R = M⊗A. Set
τ˜
def
= τ ◦ Θ−1 be the normal semifinite faithful trace on M⊗L∞(R) obtained by transport of
structure. Then ˜ˆτ0 is determined by
(2.23)
(
D ˜ˆτ0 : Dτ˜
)
t
= Θ
(
Dτˆ0 : Dτ)t
) (2.8)
= Θ(λt) = FλtF
−1 = eit·, t ∈ R.
Hence, by (2.9), the Radon-Nykodym derivative
d ˜ˆτ0
dτ˜
is equal to 1⊗ D˜, where D˜ is defined by
(2.24) (D˜ξ)(s) = esξ(s), s ∈ R, ξ ∈ L2(R).
If D
def
=
dτˆ0
dτ
(= hτ0), note that by transport of structure we have 1⊗ D˜ = Θ(D). It follows that
(2.25) τ˜ = ˜ˆτ0
(
· (1⊗ D˜)−1
) (2.22)
= τ0 ⊗ e
−t dt.
The isomorphism Θ extends to an isomorphism Θ: L0(M⊗A, τ) → L0(M⊗L∞(R), τ˜ ) which
allows to identify Lp(M, τ0) with Θ(L
p(M, τ0)). By transport of structure, we have
Θ(Lp(M, τ0))
(2.12)
=
{
x˜ ∈ L0(M⊗L∞(R), τ˜ ) : ∀s ∈ R θs(x˜) = e
− s
p x˜
}
(2.24)
=
{
x˜ ∈ L0(M⊗L∞(R), τ0 ⊗ e
−s ds) : ∀s ∈ R θs(x˜) = e
− s
p x˜
}
=
{
x⊗ D˜
1
p : x˜ ∈ LpD(M, τ0)
}
= LpD(M, τ0)⊗ D˜
1
p .
Finally, it is folklore that Θ preserves all algebraic operations and that we have an order and
isometric isomorphism η : LpD(M, τ0) → Θ(L
p(M, τ0)), x 7→ x ⊗ D˜
1
p . By (2.14), we have an
isometric isomorphism κ : Lp(M, τ0)→ Lp(M,ϕ) such that κ(D) = hϕ. We have
κ ◦Θ−1 ◦ η(x) = κ ◦Θ−1
(
x⊗ D˜
1
p
)
= κ ◦Θ−1
(
(1⊗ D˜
1
2p )(x ⊗ 1)(1⊗ D˜
1
2p )
)
= κ
(
D
1
2p xD
1
2p
)
= κ(D)
1
2p xκ(D)
1
2p = h
1
2p
ϕ xh
1
2p
ϕ = Φ(x).
Hence Φ induces an order isometric isomorphism. If x ∈M , we have
Tp,H ◦ Φ(x) = Tp,H
(
h
1
2p
ϕ xh
1
2p
ϕ
)
= h
1
2p
ϕ T (x)h
1
2p
ϕ = Φ(T (x)) = Φ ◦ Tp,D(x).
Interpolation The following will be used in Section 5. See [ArK] for a slightly more general
statement.
Lemma 2.5 Let (E0, E1) be an interpolation couple and let C be a contractively complemented
subspace of E0 + E1. We assume that the corresponding contractive projection P : E0 + E1 →
E0 + E1 satisfies P (Ei) ⊂ Ei and that the restriction P : Ei → Ei is contractive for i = 0, 1.
Then (E0 ∩ C,E1 ∩ C) is an interpolation couple and the canonical inclusion J : C → E0 + E1
induces an isometric isomorphim J˜ from (E0 ∩ C,E1 ∩ C)θ onto the subspace P ((E0, E1)θ) =
(E0, E1)θ ∩ C of (E0, E1)θ.
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Projections on strictly convex Banach spaces Recall that a normed linear space X is
said to be strictly convex (or rotund) if for any x, y ∈ X the equalities ‖x+y‖X2 = ‖x‖X = ‖y‖X
imply x = y.
Let X be a Banach space. For each x ∈ X , we can associate [Pat1, Definition 2.12] the
subset
JX(x)
def
=
{
x∗ ∈ X∗ : 〈x, x∗〉X,X∗ = ‖x‖
2
X = ‖x
∗‖2X∗
}
of the dual X∗.
The multivalued operator JX : X → X
∗ is called the normalized duality mapping of X .
From the Hahn-Banach theorem, for every x ∈ X , there exists y∗ ∈ X∗ with ‖y∗‖X∗ = 1 such
that 〈x, y∗〉X,X∗ = ‖x‖X . Using x∗ = ‖x‖Xy∗, we conclude that JX(x) 6= ∅ for each x ∈ X . If
the dual space X∗ is strictly convex, JX is single-valued. Indeed, if x
∗
1, x
∗
2 belong to J(x) then
‖x‖2X > ‖x‖X
∥∥∥1
2
(x∗1 + x
∗
2)
∥∥∥
X∗
>
〈
x,
1
2
(x∗1 + x
∗
2)
〉
X,X∗
=
1
2
〈x, x∗1〉X,X∗ +
1
2
〈x, x∗2〉X,X∗
= ‖x∗1‖
2
X∗ = ‖x
∗
2‖
2
X∗ = ‖x‖
2
X .
Since X∗ is strictly convex, we conclude that x∗1 = x
∗
2.
When X is a reflexive strictly convex Banach space with a strictly convex dual space X∗, JX
is a singlevalued bijective map and its inverse J−1X : X
∗ → X∗∗ = X is equal to JX∗ : X∗ → X .
Indeed, for any x∗ ∈ X , by definition of JX∗(x∗) we have
‖JX∗(x
∗)‖X = ‖x
∗‖X∗ and
〈
JX∗(x
∗), x∗
〉
X,X∗
= ‖x∗‖2X∗ .
We deduce that JX(JX∗(x
∗)) = x∗. Hence JXJX∗ = IdX∗ . By symmetry, we also get JX∗JX =
IdX .
The following lemma has its origin in [And].
Lemma 2.6 Let X be a smooth strictly convex reflexive Banach space. Let P : X → X be a
contractive projection and x be an element of X. Then x belongs to RanP if and only if JX(x)
belongs to RanP ∗.
Proof : Recall that by [Meg1, Theorem 3.2.6] the adjoint map P ∗ : X∗ → X∗ is a contractive
projection. Note that X∗ is strictly convex by [Meg1, Proposition 5.4.7].
⇒: Suppose x ∈ RanP . We have
‖x‖2X = 〈x, JX(x)〉X,X∗ =
〈
P 2(x), JX(x)
〉
X,X∗
=
〈
P (x), P ∗(JX(x))
〉
X,X∗
=
〈
x, P ∗(JX(x))
〉
X,X∗
6 ‖x‖X‖P
∗(JX(x))‖X∗ 6 ‖x‖X‖P
∗(JX(x))‖X∗ 6 ‖x‖X‖JX(x)‖X∗ = ‖x‖
2
X .
We infer that ‖P ∗(JX(x))‖X∗ = ‖x‖X and
〈
x, P ∗(JX(x))
〉
X,X∗
= ‖x‖2X . Since X
∗ is strictly
convex, we conclude that P ∗(JX(x)) = JX(x), i.e. JX(x) belongs to RanP
∗.
⇐: Suppose that JX(x) belongs to RanP ∗. Since X is strictly convex, the first part applied
to P ∗ instead of P shows that x = JX∗JX(x) belongs to RanP .
If the Banach space X is a noncommutative Lp-space, we have the following explicit de-
scription of the normalized duality mapping.
Lemma 2.7 Suppose 1 < p < ∞. If x belongs to Lp(M) with polar decomposition h = u|h|.
We have
JLp(M)(h) = ‖h‖
2−p
p |h|
p−1u∗.(2.26)
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Proof : Recall that Lp(M) is strictly convex and smooth [PiX, Cor. 5.2]. Hence JLp(M) : L
p(M)→
Lp
∗
(M) is a singlevalued bijective map. We have∥∥‖h‖2−pp |h|p−1u∗∥∥p∗ = ‖h‖2−pp ∥∥|h|p−1∥∥p∗ = ‖h‖2−pp ‖h‖p−1p = ‖h‖p
and using the fact that u∗u is the support projection of |u| by [Pal2, Theorem 9.1.25], we obtain〈
h, ‖h‖2−pp |h|
p−1u∗
〉
Lp(M),Lp∗ (M)
= ‖h‖2−pp Tr
(
u|h||h|p−1u∗
)
= ‖h‖2−pp Tr
(
|h|p
)
= ‖h‖2p.
3 Jordan algebras and Jordan conditional expectations
Various Jordan algebras A JB∗-algebra [HOS1, page 91] [CGRP1, Definition 3.3.1] is a
complex Banach space A which is a complex Jordan algebra equipped with an involution sat-
isfying ‖x ◦ y‖ 6 ‖x‖‖y‖, ‖x∗‖ = ‖x‖ and ‖{xx∗x}‖ = ‖x‖3 for any x, y ∈ A. A JBW∗-algebra
[CGRP2, page 4] is a JB∗-algebra which is a dual Banach space.
Let H be a complex Hilbert space. A JC-algebra [Sto2, Definition 2.1.1] [HOS1, page 75]
is a norm closed real linear subspace of selfadjoint operators of B(H) closed under the Jordan
product (x, y) 7→ x◦y
def
= 12 (xy+yx). By [Sto2, page 13], the selfadjoint part Asa of a C
∗-algebra
A is a JC-algebra.
A JC∗-algebra (also called Jordan C∗-algebra) is a norm-closed ∗-subalgebra of (B(H), ◦)
[CGRP1, page 345]. If A is a JC∗-algebra then (A, ◦) is a JB∗-algebra by [CGRP1, page 345].
A C∗-algebra A is of course a JC∗-algebra.
JW-algebras Recall that a JW-algebra [HOS1, page 95] [ARU1, page 14] [Sto2, page 20] is
a weak* closed JC-algebra, that is a weak* closed Jordan subalgebra of B(H)sa, that is a real
linear space of selfadjoint operators which is closed for the weak* topology and closed under
the Jordan product ◦. Note that a JW-algebra is a JBW-algebra by [HOS1, page 95]. Recall
that a JBW-algebra is always unital by [HOS1, Lemma 4.1.7].
Recall that a JW-algebra A is reversible [AlS1, Definition 4.24] [HOS1, page 25] if it is closed
under symmetric products, i.e. if a1, . . . , ak ∈ A then
a1a2 · · · ak + akak−1 · · · a1 ∈ A.
A real von Neumann algebra [ARU1, page 15] is a real ∗-subalgebra R of B(H) which is weakly
closed satisfying R ∩ iR = {0}. Given a JW-algebra A, we denote3 by R(A) the closure for the
weak* topology of the real algebra generated by A in B(H) (note that this algebra is closed
under adjoints). If A is a reversible JW-algebra then A = R(A)sa by [AlS1, Lemma 4.25] and
A′′ = R(A) + iR(A) by [ARU1, Theorem 1.5] and [Sto17, Theorem 2.4].
A JW-algebra A is said purely real [ARU1, page 15] if A is reversible and if R(A)∩ iR(A) =
{0}. In this case, by [ARU1, pages 21-22] or [Sto17, Lemma 3.2], the map α : A′′ → A′′,
z + iy 7→ z∗ + iy∗ is a ∗-antiautomorphism of order 2 and it is easy to check that
(3.1)
A =
{
x ∈ (A′′)sa : α(x) = x
}
, AC =
{
x ∈ A′′ : α(x) = x
}
, R(A) =
{
x ∈ A′′ : α(x) = x∗
}
where AC
def
= A+ iA denotes the complexification of A. The map Pcan
def
= Id+α2 : A
′′ → A′′ is a
positive contractive normal unital projection called canonical projection of A′′ onto AC.
3. We warn the reader that this algebra is sometimes denoted R(A) in the literature.
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Spin factors A spin system [HOS1, 6.1.2] is a set P of at least two symmetries (i.e. self-
adjoint unitaries) 6= ±Id in B(H) which satisfy4 s ◦ t = 0 for any s, t ∈ P with s 6= t. If P is the
weak closure of the linear span of P , then V = RId⊕ P is a JW-algebra [ARU1, pages 14-15].
These JW-algebras are called spin factors. If M is a JBW-algebra then by [HOS1, Theorem
6.1.8] M is a JBW factor of type I2 if and only if M is isomorphic to a spin factor.
JW∗-algebras A JW∗-algebra is a weak* closed JC∗-subalgebra of B(H), that is a weak*
closed ∗-subalgebra of (B(H), ◦). If M is a von Neumann algebra then (M, ◦) is obviously a
JW∗-algebra. A JW∗-algebra is a JBW∗-algebra. The selfadjoint part of a JW∗-algebra is a
JW-algebra. Conversely, if A is a JW-algebra (included in B(H)) then the complexification
AC = A+ iA is a JW
∗-subalgebra of B(H).
Projections on Jordan algebras The notion of positivity in a JB∗-algebra A is defined in
[CGRP2, page 9]. We say that a positive map T : A → A on a JB∗-algebra A is faithful if
T (x) = 0 for some x ∈ A+ implies x = 0. Similarly to the case of C∗-algebras [Str, page 116],
we introduce the following definition.
Definition 3.1 Let N be a (unital) JW∗-subalgebra of a JW∗-algebra M . A linear map
Q : M → M is called a Jordan conditional expectation on N if it is a unital positive map
of range N which is N -modular, that is
(3.2) Q(x ◦Q(y)) = Q(x) ◦Q(y), x, y ∈M.
With x = 1 and y ∈ N , we obtain Q(y) = Q(1 ◦ y)
(3.2)
= Q(1) ◦ y = 1 ◦ y = y. It follows that Q
is the identity on N . Consequently, Q is an idempotent mapping, that is a projection.
We introduce a similar definition for maps acting on JW-algebras.
Definition 3.2 Let B be a (unital) JW-subalgebra of a JW-algebra A. A map E : A → A is
called a Jordan conditional expectation on B if it is a unital positive map of range B which is
B-modular, that is
(3.3) E(x ◦ E(y)) = E(x) ◦ E(y), x, y ∈ A.
We have the following elementary link between these two notions.
Lemma 3.3 Let B be a (unital) JW-subalgebra of a JW-algebra A. Let E : A→ A be a Jordan
conditional expectation then EC : AC → AC, x1 + ix2 7→ E(x1) + iE(x2) is a Jordan conditional
expectation on the JW∗-subalgebra BC.
Proof : Note that EC(AC) = EC(A+iA) = E(A)+ iE(A). Since E(A) is JW-subalgebra of A, we
conclude that EC(AC) is a JW
∗-subalgebra of the JW∗-algebra of AC. Finally, if x = x1 + ix2
and y = y1 + iy2 belongs to AC, a simple computation
5 gives (3.2).
4. This means that st = −ts.
5. For any x, y ∈ AC, we have with obvious notations
EC(x ◦ EC(y)) = EC
(
(x1 + ix2) ◦ EC(y1 + iy2)
)
= E(x1 ◦ E(y1) + ix1 ◦ E(y2) + ix2 ◦ E(y1) − x2 ◦ E(y2))
= E(x1 ◦ E(y1)) + iE(x1 ◦ E(y2)) + iE(x2 ◦ E(y1))− E(x2 ◦ E(y2))
(3.3)
= E(x1) ◦ E(y1) + iE(x1) ◦ E(y2) + iE(x2) ◦ E(y1) − E(x2) ◦ E(y2)
= EC(x1 + ix2) ◦ EC(y1 + iy2) = EC(x) ◦ EC(y).
.
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The following is a simple consequence of [Sto2, Proposition 2.2.9] (see also ([EfS, Corollary
1.5]and [BlN1] for related results) but is fundamental for us. Recall that the definite set D
[Sto2, Definition 2.1.4] of a positive map Q : A→ A on a C∗-algebra A is defined by
(3.4) D =
{
x ∈Msa : Q(x
2) = Q(x)2
}
.
Proposition 3.4 Let M be a von Neumann algebra. Let Q : M → M be a weak* continuous
faithful unital positive projection. Then Q is a Jordan conditional expectation and the range
Q(M) is a JW∗-subalgebra of (M, ◦).
Proof : Note that (Msa, ◦) is a JW-algebra. So the restriction Q|Msa : Msa → Msa is a
weak* continuous faithful unital positive projection. By [Sto2, Proposition 2.2.8] applied with
e = 1, Q(Msa) is a JW-subalgebra
6 of (Msa, ◦). Moreover, by [Sto2, Theorem 2.2.2], Q(Msa) is
contained in the definite set of Q. Using [Sto2, Proposition 2.2.7 (i)] in the first equality, we
infer that
Q(x ◦Q(y)) = Q(x) ◦Q2(y) = Q(x) ◦Q(y), x, y ∈Msa.
Hence Q|Msa : Msa →Msa is a Jordan conditional expectation. With Lemma 3.3, we conclude
that Q = (Q|Msa)C : M →M is a Jordan conditional expectation on (Q(Msa))C = Q(M).
Selfadjointness maps Let M be a von Neumann algebra equipped with a normal semifinite
faithful trace τ . Recall that a positive normal contraction T : M →M is selfadjoint with respect
to τ [JMX, page 49] if for any x, y ∈ M ∩ L1(M) we have τ(T (x)y) = τ(xT (y)). We have a
similar notion for a normal state ϕ on M instead of the trace τ , see [JMX, page 122]. It is
important to note that if ϕ is a normal state there is nothing to ensure that a ϕ-preserving
normal Jordan conditional expectationQ : M →M is selfadjoint contrary to the case of classical
conditional expectations on von Neumann algebras7. It is a difficulty for identify the range of its
Lp-extension in Section 5. Nevertheless, we have the following fundamental observation which
be used in Section 5 even in the case of a Jordan conditional expectation preserving a normal
state.
Proposition 3.5 Let M be a von Neumann algebra equipped with a normal semifinite faithful
trace. Let Q : M →M be a trace preserving normal Jordan conditional expectation. Then Q is
selfadjoint.
Proof : Using the preservation of the trace by Q in the third and the sixth equalities, for any
x, y ∈M ∩ L1(M), we obtain
τ(Q(x)y) =
1
2
(τ(Q(x)y) + τ(yQ(x))) = τ(Q(x) ◦ y) = τ(Q(Q(x) ◦ y))
(3.2)
= τ(Q(x) ◦Q(y))
(3.2)
= τ(Q(x ◦Q(y))) = τ(x ◦Q(y)) =
1
2
(τ(xQ(y)) + τ(Q(y)x)) = τ(xQ(y)).
6. Note that [Sto2, Theorem 2.2.2] says that Q(Msa) is a JC-subalgebra of M .
7. But it is easy to check that such a map is Jordan-selfadjoint : ϕ(Q(x) ◦ y) = ϕ(x ◦Q(y)).
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4 A local lifting of contractive positive projections on non-
com. Lp-spaces
In this section, we prove Therem 1.1. Suppose 1 6 p < ∞. Let M be a σ-finite (= countaby
decomposable) von Neumann algebra and P : Lp(M) → Lp(M) be a positive contractive pro-
jection. We define the support s(P ) of RanP as the supremum in M of the supports of the
positive elements in RanP :
(4.1) s(P )
def
=
∨
h∈RanP,h>0
s(h).
Let χ be a normal state on M . Here, we consider Lp(M) = Lp(M,χ). By [ArR, Proposition
3.4], there exists a positive element k of RanP such that s(h) = s(P ). We have P (k) = k
and h ∈ Lp(M,χ)+. We can suppose ‖k‖p = 1. Since
8 P is positive, we have RanP =
s(P )RanPs(P ). So we have
RanP = P (RanP ) = P
(
s(P ) RanP s(P )
)
⊂ P
(
s(P )Lp(M)s(P )
)
⊂ RanP.
Finally, we obtain
RanP = P
(
s(P )Lp(M)s(P )
)
= P
(
s(h)Lp(M)s(h)
)
.
Let χ be a normal state on M . Note that s(k)Ms(k)→ C, s(k)xs(k) 7→ Trχ(kpx) is a faithful
normal state on s(k)Ms(k). Using the procedure (2.18), we can consider a normal faithful state
ϕ on M such that s(k) belongs to the centralizer of ϕ and such that the reduced state ϕs(k) on
Mk
def
= s(k)Ms(k) satisfies
(4.2) ϕs(k)(z) = Trχ(k
pz), z ∈ s(k)Ms(k).
If κ : L1(M,χ) → L1(M,ϕ) is the canonical map, we let h
def
= κ(k) and ψh
def
= ϕs(k). We have
s(h) = s(k). We obtain
(4.3) ψh(s(h)xs(h)) = ψk(s(k)xs(k))
(4.2)
= Trχ(k
px)
(2.16)
= Trϕ(κ(k
px)) = Trϕ(h
px), x ∈M.
Observe that the first equality gives ψh(s(h)xs(h))
(4.2)
= Trϕs(h)(h
px) by Lemma 2.1.
Note that the noncommutative Lp-space Lp(Mh)
def
= Lp(Mh, ψh) can be identified completely
order and completely isometrically with the subspace s(h)Lp(M)s(h) of Lp(M,ϕ). By applying
Theorem 2.3 to the restriction P |Lp(Mh) : L
p(Mh) → Lp(M) and to the positive element h
of Lp(Mh) which have support s(h) = 1Mh , we see that there exists a unique linear map
Qh : Mh → s(P (h))Ms(P (h)) =Mh such that
(4.4) P
(
h
1
2xh
1
2
)
= h
1
2Qh(x)h
1
2 , x ∈Mh.
Moreover, this map Qh is unital, contractive, normal and positive. Similarly to [ArR, Lemma
3.1], the map Qh : Mh →Mh is a faithful projection.
By Proposition 3.4, the range N
def
= Qh(Mh) of Mh is a JW
∗-subalgebra of Mh and Qh is a
Jordan conditional expectation.
Similarly to [ArR, Lemma 3.3], we prove that Qh is ψh-invariant. This property will allows
us to extend Qh in a compatible way to all L
q(Mh), 1 6 q 6∞.
8. If h ∈ RanP , we can write h = h1 − h2 + i(h3 − h4) with h1, h2, h3, h4 > 0. Hence h = P (h1) − P (h2) +
i(P (h3)− P (h4)) where P (h1), P (h2), P (h3), P (h4) > 0.
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Lemma 4.1 Suppose 1 < p <∞. We have ψh ◦Qh = ψh.
Proof : Let p∗ be the exponent conjugate to p. By [PiX, Cor. 5.2], the Banach space Lp(Mh)
is smooth and strictly convex. Using the contractive dual map P ∗ : Lp
∗
(M) → Lp
∗
(M) and
Lemma 2.6, we see that P ∗(‖h‖2−pp h
p−1) = ‖h‖2−pp h
p−1, that is
(4.5) P ∗(hp−1) = hp−1.
For any k ∈ Lp(Mh), it follows that
(4.6) Trϕ
(
hp−1P (k)
)
= Trϕ
(
P ∗(hp−1)k
) (4.5)
= Trϕ(h
p−1k).
In particular, for any z ∈Mh, we have
Trϕ
(
hp−1(h
1
2Qh(z)h
1
2 )
) (4.4)
= Trϕ
(
hp−1P (h
1
2 zh
1
2 )
) (4.6)
= Trϕ
(
hp−1(h
1
2 zh
1
2 )
)
that is Trϕ
(
hpQh(z)
)
= Trϕ(h
px) hence ψh
(
Qh(z)
)
= ψh(x) by (4.3).
So, we have proved the “only if” part of Theorem 1.1.
Conversely, suppose that the conditions of Theorem 1.1 are satisfied. We can suppose
‖h‖ = 1. We introduce the reduced state ψh on the von Neumann algebra Mh
def
= s(h)Ms(h)
induced by the state Trϕ(h
p ·).
In the sequel, we will use the density operator hψh ∈ L
1(Mh, ψh) associated with the state
ψh on Mh. We consider the canonical order isomorphic and isometric map κ : L
0(Mh, ψh) →
L0(Mh, ϕs(h)). If x ∈Mh, using [HJX, (1.13)] in the first equality and Lemma 2.1 in the third
equality, we have
(4.7) Trψh(hψhx) = ψh(z) = Trϕ(h
px) = Trϕs(h)(h
px) = Trψh(κ
−1(h)px).
We conclude that
(4.8) hψh = κ
−1(h)p.
With the condition 3 of Theorem 1.1, we can consider by (2.20) the contractive positive operator
Qp : L
p(Mh, ψh)→ Lp(Mh, ψh) induced by the map Q : Mh →Mh and defined by
(4.9) Qp
(
h
1
2p
ψh
xh
1
2p
ψh
) (2.20)
= h
1
2p
ψh
Q(x)h
1
2p
ψh
, x ∈Mh.
For any x ∈Mh, note that
(4.10)
Q2p
(
h
1
2p
ψh
xh
1
2p
ψh
) (4.9)
= Qp
(
h
1
2p
ψh
Q(x)h
1
2p
ψh
) (4.9)
= h
1
2p
ψh
Q2(x)h
1
2p
ψh
= h
1
2p
ψh
Q(x)h
1
2p
ψh
(4.9)
= Qp
(
h
1
2p
ψh
xh
1
2p
ψh
)
.
We deduce that the map Qp is a projection. For any x ∈Mh, we have
Pκ
(
h
1
2p
ψh
xh
1
2p
ψh
) (4.8)
= Pκ
(
κ(h)
1
2xκ−1(h)
1
2
)
= P
(
h
1
2xh
1
2
) (1.1)
= h
1
2Q(x)h
1
2
(4.8)
= κ(hψh)
1
2pQ(x)κ(hψh)
1
2p = κ
(
h
1
2p
ψh
Q(x)h
1
2p
ψh
) (4.9)
= κQp
(
h
1
2p
ψh
xh
1
2p
ψh
)
.
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Hence, by density, we conclude that we have the following commutative diagram9:
Lp(M,ϕ) 
 P // Lp(M,ϕ)
Lp
(
Mh, ϕs(h)
)?
OO
Lp
(
Mh, ϕs(h)
)?
OO
Lp(Mh, ψh)
κ
OO
Qp
// Lp(Mh, ψh)
κ
OO
In particular, we have the inclusion P
(
Lp(Mh)
)
⊂ Lp(Mh) and the restriction P |Lp(Mh) : L
p(Mh)→
Lp(Mh) is a positive contractive projection. We consider the positive contractive mapR : L
p(M)→
s(h)Lp(M)s(h), z 7→ s(h)zs(h) and the canonical positive isometric injection j : s(h)Lp(M)s(h) =
Lp(Mh)→ Lp(M). Note that R ◦ j = IdLp(Mh). Then the point 1 of Theorem 1.1 says that
(4.11) P = j ◦ P |Lp(Mh) ◦R.
Now, we deduce that
P 2
(4.11)
= jP |Lp(Mh)RjP |Lp(Mh)R = j(P |Lp(Mh))
2R = jP |Lp(Mh)R
(4.11)
= P.
We conclude that P is a projection. The formula (4.11) shows that P is positive and contractive.
The proof is complete.
Remark 4.2 If the contractive projection P : Lp(M)→ Lp(M) is completely copositive, then
by Theorem 2.3, the above faithful positive normal unital projection Qh : Mh → Mh is also
completely copositive, hence decomposable by [Sto2, page 18] within the meaning10 of [Sto2,
Definition 1.2.8]. By [Sto2, Theorem 2.2.4], we conclude that the JW-algebra Q((Mh)sa) is
necessarily reversible. Recall that by [AlS1, Corollary 4.30], a JW-algebra A is reversible if and
only if the I2 summand of A is reversible.
Remark 4.3 The paper [BuP1] (see also [CNR1] for related facts) furnish additional informa-
tion on the range Q(s(h)Ms(h)) if we have additional knowledge on the von Neumann algebra
M . More precisely, we have the following properties.
i. If M is of type I then by combining [Li1, Proposition 6.7.2] and [CNR1, Proposition 2.8],
we see that the JW-algebra Q((s(h)Ms(h))sa) is also of type I.
ii. If M is semifinite then by combining [Li1, Proposition 6.5.9] and [CNR1, Proposition 2.7]
we infer that the JW-algebra Q((s(h)Ms(h))sa) is also semifinite.
iii. If M is finite then by combining [Li1, Proposition 6.3.1] and [CNR1, Proposition 2.7] we
deduce that the JW-algebra Q((s(h)Ms(h))sa) is finite, i.e. modular.
9. Here, we use that s(h) belongs to the centralizer of ϕ.
10. A map is decomposable if it is the sum of a completely positive map and a completely copositive map. This
notion is different of the one of [ArK] and [Arh2].
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5 An analysis of the lifting contractive projection
LetM be a von Neumann algebra and ϕ be a normal faithful state onM . Let Q : M →M be a
ϕ-preserving normal unital positive projection on a JW∗-subalgebra N . We let A
def
= Nsa which
is a JW-subalgebra of (Msa, ◦). In this section, we will make an analysis of the structure of Lp-
extension of Q, relying mainly on results of Haagerup and Størmer. We also obtain information
on the range and this Lp-extension.
We begin to use structure results on the JW-algebra A. By [Sto5, Theorem 6.4], [Sto17,
Lemma 2.3], there exist projections e1, e2, e3 in the center Z(A) of the JW-algebra A with sum
1 such that
1. A1 = e1A is the selfadjoint part of the von Neumann algebra A
′′
1 ,
2. A2 = e2A is purely real
11,
3. A3 = e3A is totally non reversible, hence of type 2 by [Sto5, Theorem 6.6].
We recall that ϕe1 , ϕe2 and ϕe3 denote the reduced weights of the state ϕ on the von Neu-
mann algebras e1Me1, e2Me2 and e3Me3. Note that theses weights are faithful normal positive
functionals.
Lemma 5.1 1. For any x ∈M , we have Q(e1xe1) ∈ e1N , Q(e2xe2) ∈ e2N and Q(e3xe3) ∈
e3N .
2. For any x ∈M , we have
(5.1) Q(x) = Q(e1xe1) +Q(e2xe2) +Q(e3xe3).
3. If y belongs to eiN , we have Q(y) = y.
4. The projections e1, e2 and e3 belongs to the centralizer M
ϕ of ϕ.
Proof : 1. Since ei ∈ A, we have Q(ei) = ei. By [Sto2, Theorem 2.2.2 (i)], the selfadjoint
element ei belongs to the definite set (3.4) of Q. For any x ∈M , we deduce by the well-known
Broise’s observation [Sto8, Lemma 4.1] [Sto2, Proposition 2.1.7 (ii)] that
(5.2) Q(eixei) = Q(ei)Q(x)Q(ei) = eiQ(x)ei = eiQ(x)
where we use in the last equality the fact that the element ei of Z(A) commute with the
elements of RanQ = N = A + iA. In particular, Q(eixei) belongs to eiN . Similarly, we have
Q(eixei) = Q(x)ei.
2. Now, for any x ∈M , we have
(5.3)
Q(e1xe1) +Q(e2xe2) +Q(e3xe3)
(5.2)
= e1Q(x) + e2Q(x) + e3Q(x) = (e1 + e2 + e3)Q(x) = Q(x).
3. For any x ∈M , replacing x by eix in (5.3), we deduce that
(5.4) Q(eix)
(5.3)
= Q(e1eixe1) +Q(e2eixe2) +Q(e3eixe3) = Q(eixei)
and similarly Q(xei) = Q(eixei). If y ∈ eiN , there exists x ∈ N such that y = eix. So we have
Q(y) = Q(eix)
(5.4)
= Q(eixei)
(5.2)
= eiQ(x) = eix = y.
11. In particular A2 is the selfadjoint part of the real von Neumann algebra R(A2).
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4. For any x ∈ M , using the preservation of ϕ in the first and the last equalities, we see
that
(5.5) ϕ(eix) = ϕ(Q(eix))
(5.4)
= ϕ(Q(eixei)) = ϕ(Q(xei)) = ϕ(xei).
By [Str, (2) page 39], we conclude that ei belongs to the centralizer M
ϕ.
Remark 5.2 This result admits an extension for family (ei)i∈I of central projections of A such
that
∑
i∈I ei = 1. The properties 1, 2 and 3 before Lemma 5.1 are not used in the proof.
By the part 1 of this result, we deduce that we have a canonical isometric identification of
each noncommutative Lp-space Lp(eiMei) with the subspace eiL
p(M)ei of L
p(M). Note that
each restriction Q|eiMei : eiMei → eiMei is a faithful normal unital positive projection on
Nei which preserves the normal positive faithful linear form ϕ|eiMei. So to understand the
projection Q, it suffices by Lemma 5.1 to examine three cases separately.
Case 1 We consider a normal positive faithful linear form ϕ on a von Neumann algebra M .
We suppose that Q : M → M is a ϕ-preserving normal unital faithful positive projection on a
JW∗-subalgebra N such that the associated JW-algebra A = Nsa is the selfadjoint part of the
von Neumann algebra A′′. Note that N = A+ iA = (A′′)sa + i(A
′′)sa = A
′′. Consequently, the
range N of Q is a von Neumann algebra. By Tomiyama’s theorem [Str, page 117], we conclude
that Q : M →M is a normal faithful conditional expectation on N . Since ϕ is preserved, we can
consider its Lp-extension Qp : L
p(M)→ Lp(M) by [HJX, Remark 5.6]. Its range is isometrically
isomorphic to a noncommutative Lp-space.
Case 2 We consider a normal positive faithful linear form ϕ on a von Neumann algebra M .
We suppose that Q : M → M is a ϕ-preserving normal unital faithful positive projection on
a JW∗-subalgebra N such that the associated JW-algebra A = Nsa is purely real. We only
look the case where A is a JW-factor which is not isomorphic to the selfadjoint part of a von
Neumann algebra and where M is finite. It is apparent that direct integral theory plays a role
here but this theory for JBW-algebras is unfortunately still in a rather embryonic state, see
[BeI1], [BeI2] and [BeI3]. We hope to come back as soon as possible on this topic in a subsequent
publication [Arh4].
Proposition 5.3 Let M be a finite von Neumann algebra equipped with a faithful normal pos-
itive linear form ϕ. Let Q : M →M be a ϕ-preserving faithful normal unital positive projection
on a JW∗-subalgebra N such that the associated JW-algebra A
def
= Nsa is a purely real factor
which is not isomorphic to the selfadjoint part of a von Neumann algebra. Suppose 1 < p <∞.
Then the range of the Lp-extension Qp : L
p(M) → Lp(M), h
1
2p
ϕ xh
1
2p
ϕ 7→ h
1
2p
ϕ P (x)h
1
2p
ϕ is isomet-
rically isomorphic to an interpolation space of the form (N,N∗) 1
p
.
Proof : Note that A ⊂ N ⊂ A′′. So, in this paragraph, we can consider Q as a map Q : M →
A′′. We consider the normal faithful positive linear form ϕ′′
def
= ϕ|A′′. Note that by [ARU1,
Proposition 1.1.11], we have Z(A) = (Z(A′′))sa. By [Sto1, Theorem 3.6] [HaS1, Theorem 3.2],
there exists a (unique) faithful normal conditional expectation E : M → A′′ on the von Neumann
algebraA′′ such thatQ = Pcan◦E where the canonical projection Pcan : A′′ → A′′ onN is defined
in Section 3. We deduce that Q|A′′ = Pcan. We infer that Pcan preserves the linear form ϕ′′.
Now, we have
ϕ = ϕ′′ ◦Q = ϕ′′ ◦ Pcan ◦ E = ϕ
′′ ◦ E.
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From Takesaki’s theorem [Str, Theorem 10.1], we deduce that ϕ′′ is semifinite and that the von
Neumann algebra A′′ is invariant under the modular group, i.e.
σ
ϕ′′
t (A
′′) = A′′, t ∈ R.
We conclude that the noncommutative Lp-space Lp(A′′, ϕ′′) can be naturally isometrically iden-
tified with a subspace of Lp(M). So it suffices to understand the range of the Lp-extension of
Pcan.
By [ARU1, Proposition 1.5.1], the von Neumann algebra A′′ is a factor. Since M is finite,
the von Neumann subalgebra A′′ is finite. By [KaR2, Theorem 8.2.8], we deduce that A′′
admits a unique normalized finite trace τ . Consider the ∗-antiautomorphism α : A′′ → A′′
defined in Section 3. Since τ ◦ α is also a normalized finite trace on A′′, we conclude that α
is trace preserving, that is τ ◦ α = τ . By linearity, it is immediate that the normal unital
positive projection Pcan : A
′′ → A′′ is also trace preserving. By Proposition 3.5, note that Pcan
is selfadjoint with respect to τ .
The (faithful) normal positive linear form ϕ′′ can be written ϕ′′ = τ(d ·) where d is an element
of the Dixmier noncommutative L1-space L1D(A
′′, τ). We denote by hϕ′′ the density operator
associated with ϕ′′. Now by Lemma 2.4, the linear map A′′ 7→ Lp(A′′, ϕ′′), x 7→ h
1
2p
ϕ′′xh
1
2p
ϕ′′
extends to a positive isometric map Φ: LpD(A
′′, τ) → Lp(A′′, ϕ′′) and we have the following
commutative diagram.
Lp(A′′, ϕ′′)
Pcan,p
// Lp(A′′, ϕ′′)
LpD(A
′′, τ)
Φ
OO
Pcan,p,D
// LpD(A
′′, τ)
Φ
OO
Since Pcan is selfadjoint, we know by [JMX, page 43] that Pcan,1,D : L
1
D(A
′′)→ L1D(A
′′) identifies
to the preadjoint (Pcan)∗ : (A
′′)∗ → (A′′)∗. By [FHHMPZ, 5.10 page 148], the range of the latter
map is isometric to the predual (RanPcan)∗ = N∗ of the range of Pcan. With Lemma 2.5, we
deduce that the range of Pcan,p,D is isometric to some interpolation space (N,N∗) 1
p
. Using the
commutative diagram, we deduce the same thing for Pcan,p. The proof is complete.
Case 3 We consider a normal positive faithful linear form ϕ on a von Neumann algebra M .
We suppose that Q : M → M is a ϕ-preserving normal unital faithful positive projection on a
JW∗-subalgebra N such that the associated JW-algebra A = Nsa is of type I2. At the time
of writing, we only look the case where A generates the von Neumann algebra M (and where
M has separable predual). It seems to the author that it is possible to obtain a slightly more
general statement with [HS1, Lemma 2.2] but we do not know if this result allows to remove
definitively this probably unnecessary assumption.
Proposition 5.4 Let M be a von Neumann algebra with separable predual equipped with a
faithful normal positive linear form ϕ. Let Q : M → M be a faithful normal unital positive
projection which preserves ϕ on a JW∗-algebra N such that the associated JW-algebra A
def
= Nsa
is of type I2. Suppose that A
′′ = M . Then the range of the Lp-extension Qp : L
p(M) →
Lp(M), h
1
2p
ϕ xh
1
2p
ϕ 7→ h
1
2p
ϕ P (x)h
1
2p
ϕ is isometrically isomorphic to an interpolation space of the
form (N,N∗) 1
p
.
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Proof : By [Sta1, Theorem 2], there exist an index set I, a family (Ωi, µi)i∈I of second countable
locally compact spaces, a family of Radon measures (µi)i∈I on the spaces Ωi and a family (Si)i∈I
of spin factors, each of dimension at most countable (and strictly greater than 1), such that A is
isomorphic to the direct sum ⊕i∈IL
∞
R
(Ωi, µi, Si). We need to take account of the generated von
Neumann algebraM = A′′. So it is clear that we have a ∗-isomorphism A′′ = ⊕iL∞(Ωi, µi, S′′i )
for some concrete spin factor Si. By [HS1, Theorem 2.1], the von Neumann algebra A
′′ is
necessarily finite, hence by [Li1, Proposition 6.3.1 3)] each summand is also finite. Note that
by [Sak1, page 68] we have a ∗-isomorphism L∞(Ωi, µi, S′′i ) = L
∞(Ωi, µi)⊗S′′i . By [Sak1,
Proposition 2.6.1], we conclude that each von Neumann algebra S′′i is finite.
If A is the CAR algebra over the complex Hilbert space ℓ2, recall that the C∗-algebra
generated by the spin factor Si is ∗-isomorphic to
(5.6)


M2n−1 ⊕M2n−1 if dimSi = 2n
M2n if dimSi = 2n+ 1
A if dimSi =∞
.
In the case where dimSi =∞, by [KaR2, Proposition 12.1.3] and since A′′ is finite12, the von
Neumann algebra S′′i is a factor of type II1 which is of course hyperfinite by definition [KaR2,
page 895]. By [KaR2, Proposition 12.1.4], we can suppose that the spin factor Si is canonically
embedding in the unique hyperfinite factor R of type II1 with separable predual.
Now, it is easy to check that we have a ∗-isomorphism A′′ = ⊕iL∞(Ωi, µi, S′′i ) where
(5.7) S′′i
def
=


M2n−1 ⊕M2n−1 if dimSi = 2n
M2n if dimSi = 2n+ 1
R if dimSi =∞
and that with Remark 5.2 we can reduce the problem to the case of a faithful normal unital
positive projection map Qi : L
∞(Ωi, µi, S
′′
i ) → L
∞(Ωi, µi, S
′′
i ) on L
∞(Ωi, µi, (Si)C) which pre-
serves a faithful normal positive linear form ϕi where (Si)C is the JW
∗-algebra associated to
Si.
Note that by [Dix2, Corollary page 178] we have a ∗-isomorphism L∞(Ωi, S
′′
i ) =
∫ ⊕
Ωi
S′′i dµi(ω)
(we can suppose that the support of µi is Ωi). With [KaR1, lemma 14.1.19] and [Tak1,
Proposition 8.34]), we can decompose the form ϕi as a direct integral ϕi =
∫ ⊕
Ωi
ϕi,ω dµi(ω)
of faithful normal positive linear forms ϕi,ω on the von Neumann algebra S
′′
i . We denote
by Qi,sa : L
∞
R
(Ωi, µi, (S
′′
i )sa) → L
∞
R
(Ωi, µi, (S
′′
i )sa) the restriction of Qi on the JW-algebra
L∞(Ωi, µi, S
′′
i )sa = L
∞
R
(Ωi, µi, (S
′′
i )sa) which is a projection on the JW-algebra L
∞
R
(Ωi, µi, Si). It
is entirely left to the reader using [HaS1, Theorem 4.2] to prove that we can decompose Qi,sa as a
direct integral Qi,sa =
∫ ⊕
Ωi
Qi,sa,ω dµi(ω) of faithful normal projections Qi,sa,ω : (S
′′
i )sa → (S
′′
i )sa
on Si preserving the restriction of ϕi,ω on (S
′′
i )sa. By [HOS1, Lemma 4.4.13], these maps are
Jordan conditional expectation. By complexification, we deduce that Qi =
∫ ⊕
Ωi
Qi,sa,ω,C dµi(ω)
where Qi,sa,ω,C : S
′′
i → S
′′
i . By Lemma 3.3, note that Qi,sa,ω,C is a Jordan conditional expecta-
tion onto Si,C.
We equip the spin factor Si with its unique normalized trace τSi [HOS1, Proposition 6.1.7]
[Top1] [Top2]. If (τSi)C denote its complexification on its associated JW
∗-algebra (Si)C then
by [HS1, Lemma 2.3], the functional τi
def
= (τSi)C ◦ Qi,sa,ω,C
13 is a normalized normal faithful
12. We warn the reader that the von Neumann algebra generated by an infinite dimensional spin factor is not
necessarily a factor of type II1.
13. Here, we consider Qi,sa,ω,C as a map Qi,sa,ω,C : S
′′
i → (Si)C.
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trace on the von Neumann algebra S′′i . Note that
τi ◦Qi,sa,ω,C = (τSi)C ◦Qi,sa,ω,C ◦Qi,sa,ω,C = (τSi)C ◦Qi,sa,ω,C = τi,
i.e. Qi,sa,ω,C preserves τi. We infer that Qi =
∫ ⊕
Ωi
Qi,sa,ω,C dµi(ω) preserves the trace
∫
Ωi
⊗τi.
By Proposition 3.5, note that Qi is selfadjoint with respect to the normal semifinite faithful
trace
∫
Ωi
⊗τ .
Each (faithful) normal positive linear form ϕi,ω can be written τi(di,ω ·) where di,ω is an
element of the Dixmier noncommutative L1-space L1D(S
′′
i , τi). Introducing d
def
=
∫ ⊕
Ωi
di,ω dµi(ω),
we have
ϕi =
∫ ⊕
Ωi
ϕi,ω dµi(ω) =
∫ ⊕
Ωi
τi(di,ω ·) dµi(ω) =
(∫
Ωi
⊗τi
)(∫ ⊕
Ωi
di,ω dµi(ω) ·
)
=
(∫
Ωi
⊗τi
)
(di ·).
We denote by hϕi the density operator associated with ϕi. Now by Lemma 2.4, the linear
map L∞(Ωi, µi, S
′′
i ) 7→ L
p(L∞(Ωi, µi, S
′′
i )), ϕi), x 7→ h
1
2p
ϕi xh
1
2p
ϕi extends to a positive isometric
map Φ: Lp(Ωi, µi,L
p
D(S
′′
i , τi))→ L
p(L∞(Ω, µi, S
′′
i ), ϕi) and we have the following commutative
diagram.
Lp(L∞(Ωi, µi, S
′′
i )), ϕi)
Qi,p
// Lp(L∞(Ωi, µi, S
′′
i )), ϕi)
Lp(Ωi, µi,L
p
D(S
′′
i , τi))
Φ
OO
Qi,p,D
// Lp(Ωi, µi,L
p
D(S
′′
i , τi))
Φ
OO
SinceQi is selfadjoint, we know by [JMX, page 43] that the mapQi,1,D : L
1(Ωi, µi,L
1
D(S
′′
i , τi))→
L1(Ωi, µi,L
1
D(S
′′
i , τi)) identifies to the preadjoint (Qi)∗ : (L
∞(Ωi, µi, S
′′
i ))∗ → (L
∞(Ωi, µi, S
′′
i ))∗.
By [FHHMPZ, 5.10 page 148], the range of the latter map is isometric to the predual (RanQi)∗ =
L∞(Ωi, µi, Si,C)∗ of the range of Qi. With Lemma 2.5, we deduce that the range of Qi,p,D is
isometric to some interpolation space (L∞(Ωi, µi, Si,C),L
∞(Ωi, µi, Si,C)∗) 1
p
. Using the commu-
tative diagram, we deduce the same thing for Qi,p. The proof is complete.
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